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Abstract

We derive pentagon-type relations for the three-point boundary tachyon
correlation functions in the non-critical open string theory with generic
Cmatter < 1 and study their solutions in the case of Fateev—Zamolodchikov—
Zamolodchikov branes. A new general formula for the Liouville boundary
three-point factor corresponding to degenerate matter is derived.

PACS numbers: 11.25.Hf, 11.25.Pm

1. Introduction

The associativity of the operator product expansion (OPE) of the boundary fields implies an
equation [1] for the boundary three-point functions. It can be rewritten [2] as a pentagon-type
relation for the boundary OPE coefficients, similar to the pentagon relation for the fusing
matrix, the quantum 6j symbols. The two equations are identified in the rational case [3]
as part of the Big Pentagon relations of a weak C*-Hopf algebra [4, 5] interpreted as the
quantum symmetry of the given BCFT. The boundary field OPE coefficients play the role of
the quantum 3j symbols of this algebra. In the CFT described by diagonal modular invariants,
the two pentagon relations admit an identical form and thus the quantum 3j and 6j symbols
coincide up to a gauge [2, 6] confirming an earlier result in [7], where the three-point boundary
functions were computed explicitly in the s/(2) case.

These structures are considerably more complicated in the Liouville theory, a non-compact
¢ > 25 Virasoro theory with representations (and possibly boundaries), described by a
continuous spectrum. The study of the boundary Liouville theory started with the paper [8] by
Fateev—Zamolodchikov—Zamolodchikov (FZZ), in which, in particular, the two-point function
of boundary operators—a special case of the non-compact 6j symbols—was computed. The
general boundary OPE coefficients with boundaries of the FZZ type were determined in [9]
similarly to the diagonal rational theory by identifying them up to a gauge with the Liouville
quantum 6j symbols computed in [10]. The pentagon equations in this case were further
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discussed and used in [11], motivated by a comparison with the microscopic approach to the
Liouville gravity.

In this work, we consider the non-critical string analogue of the boundary pentagon
relations and their solutions*. The theory combines two Virasoro theories, ¢ < 1 (matter) and
¢ > 25 (Liouville), so that the overall central charge is compensated by the central charge of a
pair of free ghost fields. As in the bulk [13, 14], the emphasis is on the presence of non-trivial
matter interaction implemented conventionally by the two ¢ < 1 screening charges. Our
derivation here exploits only the factorization of the three-point tachyon boundary correlators
into matter and Liouville factors. It yields equations which can be obtained alternatively in the
ground ring approach [14-18], using the coefficients in the OPE of the ground ring generators
and the tachyons. The result is a generalization of the trivial matter case considered in [11], in
which the tachyon correlators are described by the correlators in the pure Liouville theory but
with additional constraints on the set of representations arising from the mass-shell condition.

The solution of the general equations is a product of matter and Liouville three-point
boundary coefficients. We consider the case when the matter fields are restricted by a charge
conservation condition with two types of screening charges or/and correspond to degenerate
¢ < 1 Virasoro representations. In this case, the matter factor is given by the Coulomb
gas expression and in the non-rational case it can be recovered by analytic continuation of
the ¢ > 25 Liouville Coulomb gas expression. The Liouville factor of the tachyon three-
point correlator is given in principle by the integral Ponsot-Teschner (PT) formula, which
is however rather complicated; in contrast, simple meromorphic expressions were found for
certain particular examples in the microscopic approach of [11]. This motivated us to derive
a compact general expression for the Liouville boundary OPE coefficients using recursively
the Liouville pentagon equations.

The new formula is valid for Liouville charges corresponding to degenerate matter
representations and is expressed in terms of finite sum basic hypergeometric functions of type
43 with bounds generically consistent with the matter fusion rules. The formula generalizes
a particular (thermal) case result of [19] obtained by formal manipulations of the PT integral;
unlike the expression found in [19] in this particular case, our formula is explicitly invariant
under cyclic permutations of the boundary fields.

2. Pentagon equations

We shall keep only the Liouville field labels for the tachyon boundary operator Tﬂ(é) =
@292, 5,9 of chirality € = %1, (e, B) = (¢B — €b®, B), while the matter representation
label e and matter boundary labels &; will be suppressed. The parameter b determining the
central charges ¢ = 13 +6(b>+ 1/b2) >25andc = 13— 60+ 1/b2) < 1 of the two Virasoro
theories is generically an arbitrary real number; most of the formulae below remain true for
the rational (minimal matter) case. It is convenient to use the ‘leg factor’ normalization

T, (x) = T(0°(Q — 2B)) e(x) PP —PIx(0) ¢269(0), 2.1
The scaling dimensions are respectively given by

Ap(B) = B(Q - B), Q=1/b+b,
Apy(e) =e(e —ep), ep=1/b—b, (2.2)
Ap(e) + Ap(ee+b°) =1 = —Agpostc.

4 This contribution (see also arXiv:0805.0134) is based on [12] (sections 2 and 3) and on the preprint of the authors

(section 4), ‘Boundary three-point Liouville dressing factor for ¢ < 1 degenerate matter’, preprint ESI 2060 (2008)
available at http://www.esi.ac.at/preprints/ESI-Preprints.html.
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e The pentagon relations take a simple recursive form when one of the operators corresponds
to a fundamental degenerate Virasoro representation. Starting with the Liouville case,
one has (see, e.g., [11])

e )
03.pa—t% o4 o o=03£2, 3 04 o1
_ L B -2 cL L B cL B Bi—%
il ,33 ﬂl ‘73ig’/317’§ 03 (o] 0383 (o oz
+ Ft

B —%7 L -5 Bl [B Bi+3 _
- [ﬂs g | Costnt oy oy | Stiloy o 0 TTEL @D

The relation of the OPE coefficients to the (cyclically symmetric) three-point correlators
is

L B B __ o 0 o o1\ _ L 03,02,0
Cor0-p: [03 m] = (" By, Bp,” By, ") = "Cp i
= S(o1, B3, o)L CHTT (2.4)

where S(o1, B3, 03) is the reflection amplitude [8]. The Coulomb gas constants computed

for labels {B;} restricted by the charge conservation condition ) _; ; — Q = —mb — 5 (or

any reflection of this condition) are recovered as residues from the expression in [9].
Similarly, the matter pentagon equation reads as

b b
CM , e 3 CM , e+t 5 €l
ety |54 5y 02=03F3,¢€3 04 01
b b b
M € 3 M 7 € M € €1 —3
=F_, c, b | 2 J N G _
’ e3 €] BF3a-3 a3 0] 3G | oy a1

b b b
e 3 3 e M e e +3
+ FM_ 2 |lcM 12 Tl _ _ 2, =41, (2.5)
= G3F5,e1+5 03,63
’ e €] 3T24Ty | o3 0 R o) o1

and the matter constants C™ will be normalized to 1 for e; + e, + (g — e3) — eg = 0.

e The fusing matrix elements and the boundary OPE coefficients in (2.3) and (2.5)
containing a fundamental Virasoro representation are known constants, which are recalled
in appendix A. These matter and Liouville fusing matrix elements are related by analytic
continuation. For example, for the choice of the chiralities of the three fields as (+, —, +)

B3 =e3+b, Br=—ey+1/b, Br=e +b, (2.6)

one has FM = FE | FM = FL  which implies the following identities:

L M L pM L M L pM
F o F' —F: F° =0=F" F" —F" F],
-2
~FF FM +FE FM = Q=2h ~FX FM 4+ FL FM .
rm T T g —ap, S

Now we multiply the matter and Liouville pentagon identities (2.3) and (2.5) for the same
fixed + = ¢’ which is consistent with a tachyon of negative chirality (ez + t%, B — t%) in
the lhs. On the other hand, in the rhs we also get two mixed terms besides the two tachyon
contributions, inconsistent with the mass-shell condition. Due to the first of the identities in
(2.7), these mixed terms are cancelled in the linear combination of the t = +1 and t = —1
product identities taken with a relative minus sign. To compute this linear combination, one

2.7)
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has to take into account the second identity (2.7) and one finally obtains for the normalized as
in (2.1) tachyon OPE coefficients C:

. b b
Con gy |:'82 g ﬁ: } +VArhue(Ba)els, (5'2 =03—d7. e, 54)

04
b . +2
X C(LB) (O‘z =03 +8§, ,32, O'4> Caz,ﬁ; |:'82 2 '81 i|

04 (o5
= — Simc™ G, e1,6)Cop | P2 3
= M ) 3,€1,01 03,53 o4 o
. +2
— izt 5. B, 01)Con s [’32 Prea ] , 2.8)
Oy o1
where 8,8 = +1,
2sinh(B) F (01 +03 — Q) — &) sinwb(B) F (03 — 01) — 2)
(03, Br.o1) = : 2, 2.9)
@ sinrb(Q — 281)
2sinmb(e 51 +63 —eg) + 2)sinmb(e 63 —a1)+2
M (63, e1,61) = (1 F @ +a e ts) (7@ -00+3) (2.10)
sintb(eg — 2e;)
and
sinth(Q — 28,)
c(py) = — DO — 2F2) @2.11)
sintb(28;)
The constants Az, Ay in (2.8) are the two bulk coupling constants, following the notation in

[14]. Similarly, one obtains the dual equation with &, = 1)’ Yoy = Py v,

| / 1
T =M = — A ,82 - 3% 131 ~ L N ﬂZ + 4 ﬂl
_\/EC(S) (025 €, 04)C02,/33 [ o4 2 o } - )\’LC(B) (0-27 ,829 04)Co'2,ﬂ3 [ o4 2b o

s B Bi—5 . 55 gt (m_ S
= Coy p, os o |7 MAuEPIECs) | 03 =02 = . €1, 01

_ 8 A ,32 ﬂl !
L B. o0 (
v 2b ,
X C( 8) <O3 = 03 2} s P> 1) 3,583 [0_4 o

replacing the constants in (2.9) (and (2.11)) with their duals, obtained by the change b — 1/b
(for B;-fixed), while the dual of the matter constant (2.10) is obtained with b — —1/b, so that

2.12)

25inn%(e — ﬁ F (63 + 51 —eo)) sinnl—l)(e — ﬁ F (63 —61))

sin % (2e — ¢p)

¢l (53.e,61) = (2.13)

The two sets of equations (2.8) and (2.12) are precisely the equations one obtains starting
from a four-point function with a ground ring generator being added and then inserting the
coefficients in the expansion of the product of the ground ring generator with the left or right
tachyons (see formulae (A.36)—(A.38) of [14]; the computation there completes earlier partial
results [16—18] for these OPE coefficients).

2.1. Special case—trivial matter

We choose as before the chiralities of type (+ —+). For trivial matter, i.e. a charge conservation
condition with no screening charges

b 3 b , b
eo=e + €2+§ +(eo—e3)ze12+eo+§ = ,323+§=Q, (2.14)
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the matter boundary three-point functions are trivial and the pure Liouville identity (2.3)
(t = +1) (normalized with the leg factors) with §; restricted by (2.14) simplifies to

b b
A — 2 N + 2
Cost ps |:'3 2 ﬂl] = — ALC(Lp(U& B1,01)Co, g, |:ﬂ2 b 2}

04 [on] Oy4 (oa]

1 B Pi—2%
+ FL,T <Z(Q ~26, +b>) F(b(Q — 28T (b(2B3 — Q)CE 4, [aj ' ]
— L AL , Bi+s 27 Gy (03, Ba, 04)
= )\-LC(:F)(U35 ,3] ’ UI)CU3,/33 [0—4 o1 } + ZSIH(n'b(Q — Zﬁl)) . (215)

We have used the fact that for the values in (2.14) FX has a zero Y, B; — Q — 0, while the
Liouville-reflected three-point constant has a singularity with residue 1/2mw. Thus, the second
term in (2.15) reduces to the (leg-normalized) reflection Liouville amplitude [8]:

2
0—-28
175,08 - 0) (2.16)
[T—i So(B +s(02+ 01 — Q) Sp(B +5(02 — 01))
G2(02, B, 01)G2(02, Q@ — B, 01) = S (2B — Q)Sp(Q — 28),
where Sp(x) = I'p(x)/ ' (Q — x) and I'p(x) is the double Gamma function. The amplitude

G», which can be identified with the tachyon two-point function [19], is the solution of the
equations

1
r (E(Q - 2/3)) L(Q —2p))S(02, B, 01) = Ga(02, B, 01),

Ga(02, B, 01) =

b b
—Vhrel (03, B, 01)Ga <U3, B+ > (71) =G <U3 + > ,31,01> ,
2.17)

- 1 1
—\ A8 (03, b1, 01)Ga (03, Bi + 2’ 01) =G, (03 + 2’ P, Ul) .

Since the general identity (2.8) should reduce to the simpler identity (2.15) for the values in
(2.14), this implies a restriction on the unknown matter OPE coefficients involved in (2.8).
The identity (2.15) acquires a more symmetric form when rewritten for the cyclically
symmetric correlator of type (— — —)° obtained by two reflections (2.4), now written for the
normalized correlators
A 1 1

402,91 — _ G71 , , 604,62,01
0—B3.B2.81 b 2sin(mb(2B;5 — Q)) 2 (01, B3, 04) B3.B2,B1

_ 1sin(75(2 = 281) G2(02, B1, 91) pvynon
T B2 sin(mwb(Q — 2B3)) Ga(on, B3, 04) PP CA

(2.18)

For comparison, we give equations analogous to (2.17) for the nontrivial matter two-point
amplitude:

b b
-V )"Mcgz)(o_—39e5 O_—])(;éu (6356_ 596—]> = G12W (63 =+ 5769 6—]) )

- 1 1
— )»ME?SIF)(53,€,51)G§4 (53,€+E,51) =GY (53i5,6,51>-

(2.19)

> This equation has been independently written down recently in [20].
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3. The matter factor in the solution

We shall start with the solution of the two-point equations (2.19) for the matter degenerate
values 2¢ = mb — n/b =: 2e,, ,, where m, n are nonnegative integers, m,n € Zyxo. The
solution is conveniently expressed as

2een
(=D DDA P Gy (G1, e — b — (m + 1)b, 57)

Sp((m +2)b)S,(H2)  Gu(61.e — b+, 5,)

M, = —
G2 (0—2765 O—]) =

Ze—eq  —(Qembin/b) Sp(20 +mb + ) S, (%
ZAMZI’O)\L » G2<5'2+b, —e—ﬁ,61+b> b( 0 — b) b(b)’
Sb(T)
3.1
where
G (@3, €2, 52) 1= Sy(—e2 + G2 +33) Syleo — €2 +03 — &), (3.2)

The representation of (3.1) in terms of S,(x) is not unique, but the expression is finite for
the concrete values e = e, , and reduces to a finite product of sines. Equations (2.19)
allow us to extend formula (3.1) to m = n = —1 and furthermore to the degenerate values
2e =e¢g— (m+ 1)b + % withm,n € Z;O.é
e The solution of the pair of equations (2.8) and (2.12) is given by a factorized expression
combining the known Liouville expression [9] and a solution of the matter boundary
pentagon equation. The solution of the matter boundary pentagon equation is a
generalization to generic b? of the solution in the rational ¢ < 1 case, where the fusing
matrix is given [21] by a product of two basic 4®3 hypergeometric functions known to
represent [22] the quantum 6j symbols. The change of gauge affects only the prefactor.
The non-rational generalization is possible either if the representations are chosen to
correspond to degenerate ¢ < 1 Virasoro representations or if a charge conservation
condition with integer numbers of matter screening charges is imposed; we refer to both
as ‘Coulomb gas’ cases. The solutions in these cases are alternatively reproduced starting
from the general formula of [9]. Thus to obtain the matter constant for
e1;3—ey=e +ey+e3—ey=mb—n/b, m,n € Zxy, (3.3)
we start from the Liouville Coulomb gas expression for «1,3 — Q = —mb — n/b derived
as a residue of the formula in [9]. We rewrite this particular solution of the Liouville
pentagon equation (2.3) in terms of finite products of Gamma and sine functions and then
continue analytically the result by replacing b> — —b? and ;b — ¢;b. The final result is
a solution of the matter pentagon equation (2.5) and can again be expressed in a compact
form in terms of the ratios of double Gamma functions I';(x) using the notation (3.2):
€123—¢0
2b

CM I:eZ el} — MC53,62.5] — (_1)m+n)\'M HM(63,32, 31)

me-a |5y 5
y (=)™ Sp(b +2e; — mb)
Sp(b+2e1 + %)
L~ Gu(G3,e2—b—kb,52)Gy (03, €0 — €3 — b — "S2, 51)
8 ; 1;) Gu(G3,e0 —e3 — b+ (m —k)b,5))Gy (53, e2 — b+ £, 5)
 Solb+2e3 — (m —k)b)Sy(b+2e; —kb)S,(3 —2e2 — £)S, (3 —2e3 — "52)

Sp((k+1)b) Sy ((m — k+1)b) Sy (521) S (=L21)

, (34)

6 Note that unlike the Liouville case the analytic continuation of the two thermal cases n = 0 or m = 0 to generic
values of e leads to different results, effectively inverse to each other.
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where
b=, (5) Sy () 1 Ti(3 — 2¢:)Sp(b +2¢; + %)
Ty (L +eo — en3) ll_[ Cp(b +2e; + ey — e1n3)
b=, (1)S,(m + 1)b) 1 T(b +2¢;)Sp(3 — 2e; + mb)
B Lp(b — eo + e123) U Tp(; — 2¢; — eg +e123)

y(es, ez, e1) =

(3.5)

This formula is derived for generic values of {e;}, subject to the constraint (3.3), but it
reproduces as well the constants with degenerate values of e;.

4. The Liouville three-point dressing correlator

The matter charge conservation condition (3.3) can be rewritten as a relation for the Liouville
labels, e.g. with the choice of chiralities (+ — +), one has

n
Ba=Pi+ps—pr=(m+Db— o, m,n € Zso. @.1)

In addition, we also choose degenerate values for all matter labels or, equivalently, in terms of
the Liouville labels g; of the three fields in the correlator we take

,31' =b+m;b— %, 2m;,2n; € Z)o. “4.2)

We further impose the (matter) fusion rule restriction such that all mfj, nfj, i #j#k#i

are non-negative integers, so that Z?:I 2m; = 0 mod 2. Other possible choices correspond to
Liouville reflections Q — B; of some of the labels in (4.2), and the corresponding three-point
correlator is obtained with the help of the reflection relation (2.18).

For such values of {8;}, the integral PT formula for the Liouville three-point boundary
constant simplifies. Taking into account two infinite series of poles it is rewritten as a sum of
two terms, each expressed in terms of a product of basic 4®3; hypergeometric functions, one
given by a finite (of range n as in (4.1)) and the other by an infinite sum. A resummation of
the infinite sums was performed in [19] in the particular case m; = 0,i = 1, 2, 3, of (4.2).”

Here, we shall follow a different route to obtain a general simple formula without
exploiting the integral PT representation, namely we shall use recursively the Liouville
pentagon equations (2.3).

e We start with the derivation of the simplest correlator with three identical charges equal
to b, i.e. the correlator of three cosmological operators, or boundary Liouville screening
charges. It is reproduced by the second term in the rhs of equality (2.3) choosing
B = g = f», B3 = b. For this choice, the equation needs regularization since the
coefficient in front of the correlator becomes divergent. The remaining two correlators
are represented as reflections (2.4) with respect to B3 (the lhs) and B, (the first term in the
rhs) of correlators, which also diverge if we assume that they are given by the integral PT
formula. Indeed they satisfy the charge conservation conditions (Q — 83) + B>+ B1 = O
and B3+ (Q — B, —b/2)+ (B —b/2) = Q, respectively, and their residua equal 1/27 (to
agree with the normalization in [9]); the reasoning here is similar to that in the derivation
of the special case equation (2.15). Thus, in a proper regularization of (2.3), these two
correlators are replaced by the corresponding reflection amplitudes, which appear as the

7 The formal resummation in [19], which we believe is correct only when applied to the sum of the two terms,
amounts to a relation for 3@, g Saalschutz-type functions.
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initial data in the equation. In the case under consideration 8 = b and inserting in (2.3),
we reproduce the cyclically symmetric expression of [11, 19]:

1

ey = PV (G bioy) = Galon b o)
bbb T e (01, b2, 0p) o T T R
0-3
_ 2rh” @G —c3) + 8z — ) +8(c — @) @.3)
Sp(3) (c2 —c)ler —e3)(e3 —2) ’ .
where the boundary cosmological constants Az = —+/A;c(0) and their dual appear:
. 1/1
¢ =2cosmh(b — 20;), ¢; =2cosm— (— —20,<>,
b \b 4.4

g_(o1,B,00) =2cosab(2p — 201) —2cosmb(b — 207).

4.1. One-parameter correlators, cyclic symmetry

Let us first consider the ‘thermal’ case with all n; = 0 in (4.2). The Liouville correlator in
(4.3) (normalized with the leg factors (2.1)) coincides with the tachyon correlator itself since
it corresponds to a trivial matter condition with m = 0 = n in (3.3) and (4.1). Applying first
trivial matter equations of the type in (2.15), we get the most general correlator with m% =0.
Then using the general equation (2.3) (for shifts of the pair (83, 82)), we obtain, denoting
m= m%, s = mfz,

03,02,0 - 2 Gy(oa+b, B, 0 Sp((s + )b
LCﬁZ:ﬂiiﬂl=AL”2HL(ﬂz,ﬂz,ﬂ1>sb< )( 222D froy S+ DB

b g— (o2, B —g,ol) Sp((s +m +1)b)
5 isb<<p+m>b+Q> Ga(02+p3. B2 — p3.03)
= Spb+0) Ga(or+b+(p+m)2, B — (p+m)%, o)
Ga(o1 — b, B1,02)  Sp((m+1)b)
g,(al, 0—-p1+ g, 02) Sp((s +m +1)b)

y i Sp((r + )b+ Q)G (01 — 1, B3 — 1%, 03) “5)
= S (rb+ Q)Ga(o1 —b— (r+9)5. 1 — (r+9)%,02) )
where
e0(Q — Pi23) _ _pl _ B2 _p3
M, (B, o Br) = b T',(20 — B123)T5(0 — B33)Th (0 — BH)TH(0 ,312)_ 4.6)

Sp(3)S6(2)TH(QTH(Q —2B)TH(Q —28)T(Q —23)

In the overall prefactor in the product of the Liouville and matter correlators combining (3.5)
and (4.6) and the leg factor normalization (2.1), the I';, functions are fully compensated; for
example, with the choice of the chiralities (+, —, +), one has

1 1
I'(b(Q _2ﬁ3))F<E(Q - 2ﬂ2))F(b(Q =28y <ﬂ3 b =Bt B —b> (B3, B2, B1)

_ 275,281 — b)Sy(28: — 1) S»(285 — b) Se (")
Sy(2B1 — b —mb)S, (2B, — L — £)8,(2B5 — b — mb) S,(£)Sy(2)”

4.7)
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In appendix C, we give a few explicit examples demonstrating two formulae (3.4) and (4.5).
We shall now rewrite (4.5) in a form which reveals its symmetry under cyclic permutations.
Let us first introduce some general notation

G(_)(GZa ,37 01) = Sb(_,B + 0> +O’1)Sb(Q — ﬁ +0p — Jl) — (G(+)(O'2, Q _ ,87 01))—1’
GH (02, f— L. o) . “5)
GH (00, f+ ,22 ) = g4+(02, B, 01) = 2sinb(Q — 2B)ck (02, B, 01).

For a non-negative integer k and an integer n of parity p(n), denote
G(_)(0-2’ _@ _n O'l)

B(o, Ul)(k:P(n)) = zkb 21;’ — (—l)<k+1)("+1)B(0’1, 02)(k:p(n))’ 4.9)
G )(O'g,b+ 5 - ﬁ,(f[)

which is expressed as a k + 1 order polynomial in {c;} using that for k % 0

b kb+ n b+kb+ n
oy, = —k=—+— _ — -+ —
8 2,2 > 2b’01 8 02,2 3 2b’01

=cl+c3 — ciea(—1)"2cos wkb* — (2sin wkb?)?

while B(0y, 07) %P = (=1)"cy — ¢;. Similarly, one defines the dual B(os, 03)":?®) so
that the reflection amplitude is expressed as the ratio

-0 .
A" Gy(og, fp=b+mab—ny/b,03) G (0g,B2,03)  Blog, 03) 20
Sp(282 — Q) G (02, Q — fr,03)  B(op, 03)@maipm))”
(4.10)

Finally, we introduce

_rh § (2my + 1)b)S,(2my + 1)b)
Py = POBO201 . (_{ymit2may T2 b 1 b 2
2 B3.B2.B1 (=D L Sy (b)

'"Z Sy((m3, + 1)b) Gaoa+ pL. Bo — pt.o3)
= Se((p+ 1)b)Sy((m3, +1 — p)b) G2 (02, B2, 03)

% GZ(UZ - (m12 )2’ﬂ1 - (m12 P)g"’l)
G1 (02, B1, 01)

_ (DS, ((m} +1)b) ’”Z Sp((2my + p —m3, + 1)b) S, ((2ma — p + 1)b)

Sy (b) prt Sp((p + 1Db)S,((m3, + 1 — p)b)
G (02, pr — pb, 03) GP (02, B1 — (m3, — p)b, o1)
@.11)
G (02, B2, 03) G (02, B1, 01)

and similarly P; and Pz, which can be obtained from (4.11) by cyclic permutations. The
finite sum (4.11) is proportional to a truncated 4®3-type function. It can be expanded as a
polynomial in the variables {c;}.

With this notation, (4.5) is cast in a form generalizing the second line in (4.3):

o
Losonor _ )‘Lz# (B3, B2, B1) 53.02.01
BB ™ B(ay, 02) @m0 B(ay, 03) 2m20) B(os, o) @msi0) - Bsbafr
Fgogrs = (D (=), — &) B(o3, o) " PO 0
— (=™ (1) — &) B(0a, 03) @O PG00
= & B(03, 02)®"V PR010 + & B(0y, 03) "0 Pl
+83B(03, 01) " O)P"l' 5353 4.12)
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In the second equality of (4.12), we have exploited the relation
B(o3, o])(zm“O)P‘?"g;'gl‘ + cyclic permutations = 0, 4.13)

which is equivalent to the cyclic symmetry of the correlator, now explicit in (4.12). The
symmetry is ensured by the fact that the expression given by the first equality satisfies all the
equations related by cyclic permutations.

The composition of the reflection of all three fields with the reflection amplitude as in
(2.4) and the duality transformation » — 1/b (changing notation m; — n;) gives a correlator
in the other thermal case when all m; = 0 in (4.2). In that case, the product of B®r(m)
replaces the denominator in (4.12) and the formula confirms the structure suggested in the
microscopic approach of [11]. The dual polynomial 13/‘3’:,;’22/‘37]‘ is defined by changing in
@11 g - Q — Bi,b - 1/b,m; — n;. With the help of some identities for the basic
hypergeometric functions, one reproduces the formula found in [19] for the case {m; = O,
n;-integers} by exploiting the PT formula in a formal way. The expression in [19] is not
explicitly symmetric under cyclic permutations; rather, this symmetry is checked to hold on
examples.

4.2. The general correlator

To obtain the Liouville correlator defined for the general values (4.2), one can either use the
dual pentagon equations or start from the correlator with all m; = 0. In one of the steps, the
special case equation (2.15) has to be extended so that the second term in the rhs is given
by G, times a non-trivial Coulomb gas Liouville correlator. The final result is an expression
generalizing the first line in (4.12):

0-P123
L03,02.,01 _ Ay H/L(IB3’ B2, B1) (_1)2m22m
B3.82.81 B(01, 07)@miip2n)) B(g,y, 03)@m2ip(2m2) B(g3, o) @m3ip(2n3)
x ((_1)2m1+2n23(02’ 0_3)(2n2;p(2m2))P[§722,,ﬁ(711:gB(G3’ 0,1)(2m3;p(2n3))Pg}3‘,ﬁOzzq,gll
— (=1)¥™* B (03, 01)(2’13;[7(2"13));),;:,’5';,’2B(Uz, 03)(2’"”(2”2)’ng,’f;’f,’gj)’ (4.14)

(=1 (B, o, B} (3)Sh(3 — )

S5 (45785 (5 S ()8 (252 )

I, (B3, B2, B1) = (4.15)

Here, say, the polynomial P is given by the first formula (4.11), where now all §; are
. . . . . 3

given by (4.2), with only the sign in front of (4.11) modified to (—1)™i2(1+213)+2ms2ns+2m> _

(—1)m={+2n)+2m1 1 et ys also write down the expression for one of the dual polynomials:

I G b 1 G o i Z 5 (“5)
P 5i(3) = Su(54) (M)

nz —u Vlz —u
Ga(o1+ 5. Q — Bi — 37.02) Ga(o1 — "=, O — B3 — “45—. 03)
Ga(01, Q — Bi,02) Ga(o1, Q — B3, 03) '
Formula (4.14) gives the general expression for the Liouville factor in the tachyon three-point
boundary correlator with degenerate ¢ < 1 representations. The cyclic symmetry of the full
correlator is ensured by construction and is equivalent to a relation generalizing (4.13)

(—1)22@mr) By ) @m3:P(213)) p) 4 cyclic permutations = 0 4.17)

and its dual with the dual polynomials and m; < n;. In particular when all m; = 0
the dual relation reproduces the cyclic identity satisfied by the first-order dual polynomials

(4.16)
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B(oy, 03)®PCm)) — (_1)2mz, — Z;, etc, which appear in the numerator in (4.12). The
composition of duality transformation b — 1/b, m; <> n; with reflection of all three fields
keeps (4.14) invariant.

This solution of the Liouville pentagon equations extends to the minimal gravity theory
with rational 52, in which case there may appear further truncations of the sums.

5. Summary and concluding remarks

We have derived the basic pentagon like equations (2.8) and (2.12) for the tachyon boundary
OPE coefficients from the analogous equations for the matter and Liouville constituents,
respectively. Their solutions were described for degenerate matter ¢ < 1 representations with
generic real values of the parameter b.

One of the main results of this work is the new expression for the general Liouville
dressing factor for this range of representations, i.e. for values (4.2) of the Liouville charges
B; and their reflection images. Formula (4.14) represents the Liouville correlator as a ratio
of polynomials of the boundary cosmological parameters c;, ¢; generalizing partial results in
[11, 19]. The polynomials P; in the numerator of the Liouville factor are given by basic
hypergeometric functions which coincide, with proper identification of the parameters, with
those appearing in the matter three-point function (3.4). More precisely, the (thermal) matter
three-point function (3.4) is represented as

o 1 g1 g1 5
MCS;”:ZZ’;T - P%b—ell,e;h,ezib = P3' (51)
Similarly for e; = m b, e3 = m3b, ey = eqg — myb (3.4) is identified with the polynomial P,
in (4.12), etc. Analogous to (5.1) formulae hold for the case §; = b — n; /b, relating (3.4) to
one of the dual polynomials with o; = &; + b.

The tachyon boundary correlator, being a product of matter and Liouville correlators,
depends on ‘too many’ boundaries—their cardinality should be the same as that of the set of
tachyons. Examples of a linearly independent set of boundaries are provided by the ‘trivial
matter boundaries’, i.e. one o; is set to zero, while the intermediate two are fixed by the fusion
rules; the matter factor is reduced to a correlator of chiral vertex operators. On the level of
bulk one-point functions or boundary states, the states |o; &) with general degenerate matter
boundaries & are represented as linear combinations of states with trivial matter & = 0 but
shifted Liouville boundary parameters. This fusion-like relation can be lifted to the boundary
three-point tachyon correlators by using recursively the identities (2.8) and (2.12); see also
the recent work [23] for an explicit operator relation of this type.

Generically, the values of the boundary parameters correspond to the FZZ values with pure
imaginary Q — 20;. Another choice, the consistency of which deserves to be investigated, is
the ‘tachyonic boundaries’, when the pairs of matter and Liouville boundary values themselves
satisfy the mass-shell condition required by BRST invariance. Such correlators satisfy the
pair of equations (2.8) and (2.12), with correlated signs 8, §, preserving the chosen (chirality)
type of the relation. For instance, choosing degenerate ¢ < 1 values for the matter boundaries
hence implies that the spectrum of the Liouville boundary labels {o;} is the same as that of
the representations, i.e. (4.2) up to reflections. These solutions of equations (2.8) and (2.12)
could be rather interpreted as the ‘string q-6j symbols’.
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Appendix A. Fundamental OPE coefficients data

The fusing matrix elements and the boundary OPE constants in (2.3) and (2.5), containing a
fundamental ¢ > 25 or ¢ < 1 Virasoro representation, are known Coulomb gas constants, e.g.

L __ L :32 _%i|
_ L (tb(Q —28)) (1 —sb(Q —2p1))
T(L52 +1b(Bs — B+ stpr — st2))T (B —tb(By + B3 — stp1 — 8) — 51b Q)

The dual fusing matrix elements £'%, are obtained with 5 — 1/b. All these expressions should
be considered to be furthermore restricted by the fusion rules; for example, F. +L+ =1ifg; =0
since the fusion rule leads to 83 = B, — b/2 or if B3 = Q so that §; — b/2 = Q — B».
The expression for the matter fundamental fusing matrix elements is obtained from (A.1) by
analytic continuation 5> — —b? and bB; — be; (so that b(8; — th/2) — b(e +tb/2)):

(%) b
FM=F"_, 2
s, e|—s5,e—13 ez e

_ C'(tb(2ey; — ep))[ (1 +sb(eg — 2¢7))
N F(% — tb(e3 — ey + stey +st§))F(% + tb(ez +e3 — ste) + %’) + %beo)'

. (A

(A.2)

The dual Fs’ff is recovered from F f’i,_, by the change » — —1/b. For the choice of the
chiralities of the three fields as in (2.6), one has FM = FL | FM = FL  whichimplies (2.7).
Furthermore, one needs the particular fundamental OPE coefficient in (2.3) and (2.5). In the

Liouville case, it is given by [8]

b 2
. ~b g BT - 2bBy)
vkl Bt |:632 01} =- ¢ (o3, Br,o1) (A.3)

T(1+(Q-2B)b) @

with the last constant being written down in (2.9). The corresponding matter factor (obtained
also as analytic continuation of (2.9)) reads as

N [g el] _ YT = 2be))

oF et T (1 + (e — 2ep) 0@ €00V (A9

03 01

with the explicit expression given in (2.10). Combining (A.3), (2.9) and (A.4), (2.10), the
product of the coefficients in the lhs of the t =t/ = —1 identities in (2.3), (2.5) reads as

b b
CM ) 2 CL 132 -2
= b — — b
93.2=3 |04 Oy 03.p2+3 e lop)
b b
—_cM 2 @ oL -3 B
0_'3:5'2+5’§7,627g 62 0_—4 U3=O‘275%,ﬁg+g g} o4

I(3(Q—28,—b
= —VAiLiu F((bl((z 2};2 n b)))) C(ﬂz)cé\fg) (62, €2,64)c(s) (02, B2, 04).  (A.5)
3(Q =26,
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The I'’s in (A.5) are eliminated by the leg factor normalization (2.1) and by collecting
everything, we obtain relation (2.8) for the normalized constants C:

ool 2]
T(b2ps— Q) P los o
1
—r (@2 re@-2emck,, | Mex [ 0]

oy 04 O]

Appendix B. Examples

Example 1. e¢jp3 = ey +b = 1/b.
The matter formula (3.4) reads (set Ay = 1) as
M |:€2 61] _ Tly(es, er, e1)
72.07€3 2sinwh?2sinm2e b
B’T(B*)[], T(1—2¢;b)
B (r)?

M (= = M /= =
&3 0—_1 (C(_) (0—3’ €3 — b/zv 01) +C(+) (0'35 € — b/2, 02))

2(sinm2exbc)! +sinw2e3bey’ +sinw2eibell),
(B.1)

where ¢ = 2cosb(b +25;). The cyclic symmetry of the three-point function is explicit.
As a particular example, one recovers from (3.4) the OPE constant (A.4), leading to (2.10).
We shall use (B.1) for the particular choice of three degenerate matter fields:

Bi=H=B=2b—>e=es=b=¢—e (B.2)

or any other choice of two (+) and one (—) chiralities. For our example, k = 2 in (4.9) is even
and the polynomial (4.9) in the variables c;, c;

o0 b 3b
B(oy,01)"" = (c2 —c1)g- 02, =501 )& | 02, 7 01 = (ca —c1)P(cz, ¢1) (B.3)

is antisymmetric. The polynomial (4.11) is symmetric in o, o3 and is proportional to

3

Py = b + 3b ==Y ci+e(l+2 2b%) (B.4)
2= g- |02, 2701 8-\ 02, 2,03 = ci +Co COSTT . .

i=1
Then the Liouville factor (4.12) reads as

0—6b

Lcaz,az,m — Sp(3b)Sp(2D) )‘LZh 1. (2b, 2b, 2b)
2b,2b,2b S,f(b) B(o1, 02)%0 B(0, 03)29 B(o3, 07) %0
G3X3 02Xy €1X
xdet| c3 e ¢ (B.5)
1 1 1

with X3 = X3(cy, ¢2, ¢3) := P3P(cy, ¢2). Combining (B.5) with (B.1) and the full prefactor
from (4.7), one obtains the tachyon correlator in this example. Note that for the choice of
the chiralities —e; = 1 = €, = €3, the matter correlator (B.1) is indeed proportional to the
polynomial Ps in (B.4), since all c,’y are identified with ¢;. Similarly, the choice of the negative
chirality as €, = —1 or €3 = —1 leads to the polynomial P; or P, respectively.

Example 2. €123 = €9 — i = —b.
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The matter formula (3.4) reads as

H 9 9 1 1
cy., ., i g ules 6?2 <) el s es+ .61 )+ (63, a2+ . 52
207303 0 2sinw/b*2sinmw2e; /b 2b 2b

C(5) T T(1+ 2
i (b“)n’ ( * b)2<sinn (—%)5?4‘*81“”(_%) Z’éw

2 (27)2

2
+sin7 (—%) 594), (B.6)

where ¢ = 2cosni(% — 26,~). Comparing with (B.1), one observes that the symmetry
b — —1/b of the correlator is indeed confirmed. The matter correlator (B.6) can be used,
e.g., to compute the tachyon three-point function with

ﬁ3:ﬂ2=ﬁ1:b—l/b = 61:€3=—]/b:e()_€2.

The Liouville three-point function in this case has been given in [19] and it is cast in a form
similar to (B.5):

0-3¢ = - -
1 3\ 4 3 1 1 1 X3 X, Xy
L o520 ~ Se()Se(3) A Me(b—5.6—5.b—3) wl & & &
1 1 1 — 3 )
b 8,(2)86(2)  (er — ) (e2 — e3)(es —c) | | |

(B.7)

where X; is the dual (b — 1/b) of the polynomial X; in (B.5). The duality b — 1/b
transformation of (B.7), so that 8; = b — 1/b — 1/b — b, gives a new correlator, which is
obtained alternatively from (B.5) by reflecting all three boundary fields ; = 2b — Q —2b =
1/b — b with the corresponding two-point reflection amplitudes.
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